The Morse potential is relatively closed to the harmonic oscillator quantum system. Thus, following the idea used for the latter, we study the possibility of creating entanglement using squeezed coherent states of the Morse potential as an input field of a beam splitter. We measure the entanglement with the linear entropy for two types of such states and we study the dependence with the coherence and squeezing parameters. The new results are linked with observations made on probability densities and uncertainty relations of those states. The dynamical evolution of the linear entropy is also explored.
Introduction
Quantum entanglement is one of the fundamental cornerstones for the quantum information processing. It is this phenomenon that gives to the quantum information all its strength. A lot of research contributions have been done in the last two decades in order to create entangled states that will be used in a future quantum computer. Recently, many devices have been proposed in order to create entangled states [1] . We can name, for example, cavity QED [2, 3] , NMR [4, 5] , semiconductor microcavity [6] , nanoresonator [7] or beam splitter [8, 9] . In this work we will concentrate on this last device.
Squeezed coherent states (SCS) are known since a long time now [10, 11, 12, 13] . They are very useful in physics due to their property to be quasiclassical, i.e., they minimize the Heisenberg uncertainty relation. SCS of the harmonic oscillator are very well known, and recently, they have been generated for other systems [13, 14, 15] . In particular, we have recently [16, 17] constructed the SCS of the Morse potential, a potential that is a better approximation than the one of the harmonic oscillator for studying the vibrations in a diatomic molecule. This potential has the particularity to lead to a discrete spectrum of energies which is finite.
SCS of the one-dimensional harmonic oscillator have been used in several experiments [13, 14] and, for example, in a beam splitter in order to generate entanglement [8, 18, 19] .
In this paper, we will follow the same idea, by studying the propagation of the SCS of the Morse potential through a beam splitter. In Section 2, we will resume the construction of SCS as eigenstates of a linear combination of ladder operators which are associated to a generalized Heisenberg algebra. Different types of states may be constructed and they corresponds to deformation of the usual SCS. In Section 3, we introduce the known operatorB(θ) that defines the beam splitter and a special measurement of entanglement given as the linear entropy S. We will also summarize the corresponding results for the case of the harmonic oscillator introducing two types of SCS. Section 4 deals with the case of the Morse potential which has a discrete finite spectrum. Two different types of SCS, called oscillator-like and energy-like, are under study with respect to the measure of entanglement. In particular, we show that entanglement could be present even if there is no squeezing. The behaviour of the linear entropy explains some of the observations made on probability densities and uncertainty relations of those states in a previous work. The dynamical evolution of the linear entropy is also studied. We conclude the paper in Section 5.
Squeezed coherent states and generalized Heisenberg algebra
SCS of a one-dimensional quantum system could be constructed as solutions of the eigenvalue equation
where z is the amplitude of coherence and γ the squeezing parameter. The operators A † and A are the ladder (creation and annihilation) operators of the system under consideration and are defined, in general, as:
where the set {|n , n = 0, 1, ...} represents the eigenstates of the energy. We have some freedom in the choice of the positive function k(n) and it will lead to different types of SCS. If the discrete energy spectrum is infinite (like for the harmonic oscillator potential), the SCS are exact solutions of (1) . If the discrete energy spectrum is finite (like for the Morse potential), then the SCS are almost solutions of (1). Indeed, the difference between the left and right hand sides of (1) is negligible [17] . In all cases, we can write the SCS as
where ρ(n) is
The normalization factor is
In the expression (3), the limit M of the sum depends on the fact that the energy spectrum is finite or not and Z(z, γ, n) satisfies the recurrence relation
with Z(z, γ, 0) = 1 and Z(z, γ, 1) = z. In order to make the connection with other approaches [20, 21] , we will refine the definition of k(n) as
The natural first choice f (n) = 1 is called oscillator-like type and we get ρ(n) = n! which is essentially the product of the energies of the harmonic oscillator. In this case, we also know that the recurrence relation (6) leads to
where the subscript o refers to this type of states and H(n, w) are the Hermite polynomials. We could also consider the choice f (n) = √ v + n, v ≥ 0. This case has been treated for potentials with infinite discrete spectrum like, for example, the trigonometric Pöschl-Teller potential [22, 23] . We could also consider the choice f (n) = √ v − n, v ≥ 1. This case has been treated for potentials like the Morse and hyperbolic Pöschl-Teller potentials [24] . For special values of v, we find ρ(n) as a product of the quadratic energies of the quantum system under consideration that could have infinite or finite spectrum.
Let us mention that all these choices lead to generalized Heisenberg algebras as introduced in the recent literature [20, 21] . It is usually called a f -deformed algebra because of the introduction of the function f (N ) in the definition of the ladder operators. Indeed, if we introduce the usual number operator N such that N |n = n |n , we get
The ladder operators A † and A may be related to the ones a † and a of the harmonic oscillator by
For f (n) = 1, the set {A, A † , N } closes the usual Heisenberg algebra. For f (n) = √ v + n with = ±1, we can define new operators J − = A,
(δv + 1). They generate a su(1, 1) algebra for δ = 1 or a su(2) algebra for δ = −1, since we have
Thus, if we take the Morse potential ( = −1), comparing (9) with (11),we get δ = −1, i.e., a su(2) algebra. However, for an infinite potential ( = 1), we get δ = 1, i.e., a su(1, 1) algebra.
Beam splitter and a measure of entanglement

Beam splitting transformation
A beam splitter is an optical device which can generate quantum entanglement with a bipartite input state composed of a state |ψ at one input and a vacuum state |0 at the other input. The beam splitter 50:50 is a necessary part of almost all optical experiments [14] since it allows to split the incident intensity to equal reflected and transmitted intensities. Furthermore, a beam splitter can be used to create entangled states [18, 19] . These states have potential applications in quantum cryptography and quantum teleportation [25, 26] .
The effect of a beam splitter can be described by an unitary operator B(θ) connecting the input state with the output one [8] :
where the input state is given as
The ladder operators a † , a and b † , b act on the bipartite fields and satisfy [a,
The quantity φ is the phase difference between the reflected and transmitted fields.
The effect of this operator on the usual Fock state, written as |n ⊗ |0 , is given by:B
The quantities t and r are the transmissibility and reflectivity of the beam splitter that obey the normalization condition |t| 2 +|r| 2 = 1. They are related to the angle θ of the beam splitter by the following equations: t = cos(θ/2) and r = −e −iφ sin(θ/2).
Later for the calculations and plots, we will use a 50:50 beam splitter, for which we will thus take θ = π/2, but the equations in the following are given for the general case.
If the input state is chosen such that |ψ is a SCS as defined in (3), we get:
For usual coherent states (CS) of the harmonic oscillator (Z(z, 0, n) = z n , f (n) = 1 and M = ∞), it is well-known that the output state (16) is a tensor product of two CS and so no entanglement is created. However, for SCS (γ = 0), there is always entanglement and we can measure it. Since different SCS can be constructed for exactly solvable quantum systems, we will measure the level of entanglement for each type of states.
The beam splitter allowing the propagation of n and m integer numbers of photons in both output channels, we keep the same definition (14) of the beam splitter operatorB(θ) acting on the eigenstates of the Morse potential.
Linear entropy as a quantification of entanglement
There exists several measurements of entanglement such as the concurrence [27] , the negativity [28, 29] or the von Neumann entropy [30, 31, 32, 33] . In this article, we chose the linear entropy [34, 35] , an upper born of the von Neumann entropy. It is easier to compute, but gives a good indication on the degree of entanglement.
Starting with the density operator ρ ab of a given output state as introduced before, the linear entropy S is defined as
where ρ a is the reduced density operator of the system a obtained by performing a partial trace over system b of the density operator ρ ab . The quantity S takes always values between 0 and 1 where 0 corresponds to the case of a pure state and 1 indicates that the considered states have a maximum of entanglement.
For an output state |out created with a SCS as an input through a beam splitter, the density operator is
and the partial trace is
Thus, the linear entropy becomes
Note that here, the phase φ between the transmitted and reflected fields is not relevant. Indeed, in the calculation of S, the transmissibility t and reflectivity r only appear with the square of their norm.
3.3. Harmonic oscillator squeezed coherent states and measure of entanglement The usual SCS of the harmonic oscillator are defined as (3) where Z(z, γ, n) is given by the expression (8) . The behaviour of theses states is well-known.
In our work, we analyze, in particular, the behaviour of the uncertainty relation and the density probability for two types of SCS, i.e., the usual ones for which f (n) = 1 and the quadratic ones where we take f (n) = √ n. This last choice is called quadratic since it leads to k(n) = n 2 in (7) and it corresponds to an example of states constructed from a f -deformed Heisenberg algebra.
As well-known, the position x and momentum p may be written as a simple combination of the usual ladder operators a and a † :
Also, the mean value of an arbitrary observable O in the SCS is O (z, γ; t) = Ψ(z, γ, x; t)|O|Ψ(z, γ, x; t) where the time evolution of the SCS is given from Ψ(z, γ, x; t) = 1
where the ψ n (x) = x|n are the usual Hermite function in x. From this, we get the definition of the dispersion of this observable : (∆O) 2 = O 2 − O 2 . In our calculations, we choose units to be such that = 2m = 1 and ω = 2. This particular case is interesting since, for the usual CS, we have (∆x) 2 = (∆p) 2 = 1/2. The mean values and dispersion of x and p are calculated in the two types of CS (γ = 0) and we have the following observations. As we could have expected, the CS constructed with f (n) = √ n are more nonclassical than the usual ones. Indeed, we see in Fig 1 that the product of the dispersions ∆(z, 0) = (∆x) 2 (∆p) 2 at t = 0, no matter what are the values of the amplitude z, is more minimized in the usual CS, reaching as expected, the value 1/4. Note though that in the quadratic case, it remains close to this value. However, the dispersions in position and momentum show a completely different behaviour. We have, as expected, (∆x)
for the usual CS, but we see that, in the deformed ones, (∆x) 2 decreases continuously in z while (∆p) 2 increases maintaining the product almost the same.
These results are in agreement with Fig 2 which shows the density probability of both types of CS. For usual CS, we know that changing the value of the amplitude z has the effect of translating the probability density in x without any change of its form and its maximum value. For the quadratic CS, the density probability becomes narrower (and thus higher) when z increases. It is what we expected, since Fig 1 shows that the dispersion in x becomes smaller with z increasing. Note that the density probabilities for both types of SCS are similar, but the squeezing is apparent in the quadratic case even when γ = 0. The entanglement of the usual SCS and of some deformed ones has re-ceived much attention [21, 36, 37] . Let us mention that in these approaches the deformation function f (n) always tends to 1 at a certain limit. It is not the case for our quadratic CS. Furthermore, the preceding approaches meanly used the von Neumann entropy. Here we use the linear entropy. As we can see on Fig 3, for small values of z and γ = 0, more entanglement is created with the usual CS. It corresponds to the case when the uncertainty is almost the same for both types of CS. For bigger value of z, depending on the value of the squeezing parameter, more entanglement can be created with the quadratic SCS.
In general, if we fix the type of SCS, the maximum entanglement appears, as expected, when the squeezing parameter γ tends to its maximum value close to 1. We also see, as it is well known, that the usual CS (γ = 0) have always a null entropy, i.e. no entanglement is created. The quadratic CS, however, create always entanglement. 
The Morse squeezed coherent states and measure of entanglement
The model
The one-dimensional Morse potential model is a well known solvable oscillating system composed of two atoms given by the energy eigenvalue equa-
where the potential is In this paper, we use the same definitions and notations as in [17] . The unit convention is = 2m r = 1 and β = 1. For all the calculations and graphs, we are considering the example of the hydrogen chloride molecule for which the number of energy eigenstates is denoted by [p] . The parameter p is a physical quantity related to the parameters of the system under consideration and, in our case, p = 28.22 [38] . The finite discrete spectrum can thus be written as
and the corresponding energy eigenfunctions are
where we have used the change of variable y = (2p + 1)e −x . The functions L 2 n n (y) are the associated Laguerre polynomials and N n =
is the normalization factor.
Two different types of SCS have been considered in [17] . They are given by (3) where M = [p] − 1 and the |n are energy eigenstates (25) . Let us explicitly write those states, evolving in time, as:
En t ψ n,Morse (x).
The first type is given by the oscillator-like SCS since f (n) = 1. They are similar to the ones for the harmonic oscillator (undeformed) except that the superposition of eigenstates is now finite. The second type is called energylike SCS since the product of the ladder operators factorizes the Hamiltonian. They are such that f (n) = √ 2p − n and we have Z(z, γ, n) = Z 2p e (z, γ, n) for n = 1, 2, ...,
Let us summarize the results and observations given in [17] about the behaviour of those states. The phase space trajectories for both types of SCS show always a squeezing effect even if γ = 0, i.e., they are elliptic (with large eccentricity). The oscillator-like SCS are less stable as time evolves than the energy-like SCS for the same value of z as we see from the phase space trajectories (see in [17] ). When z < 20 in our units, the energy-like SCS are mostly minimum uncertainty states and are well localized in position. For the oscillator-like SCS, we observe similar results but the values of z are smaller (z < 3).
Our main observation was thus that energy-like SCS are less non classical than the oscillator-like one and our concern now is to confirm this fact by computing the level of entanglement of our SCS states using the linear entropy.
For the oscillator-like SCS, we see that the linear entropy is essentially the same as for the usual harmonic oscillator since the equation (20) does not depend on the eigenstates of the system. The only difference is the number of states in the sums. Fig 5 gives the linear entropy for those states as a function of z for different values of γ where we have chosen z and γ real with the same range of values as in [17] . Again, we see that adding squeezing in our states has as an effect to create more entanglement. Let us insist on the fact that entanglement is not very sensitive to the value of z (at least when z is small enough). Fig 6 shows a similar behaviour of the linear entropy for the energy-like SCS but now we have taken a bigger range of values of z as in [17] .
In Fig 7 , we compare the linear entropy created by both types of SCS. If we look at the graphs for amplitude z smaller than 5, we see that both types create almost the same quantity of entanglement for a fixed squeezing γ, but the oscillator-like SCS create a little less entanglement than the energy-like SCS. However, for the oscillator-like SCS, the behaviour completely changes for z > 5 creating big entanglement. It means that the energy-like SCS are more classical for a bigger range of values of the amplitude z. This result is clearly related to the behaviour of our states with respect to the density probability. First let us mention that it is really different than in the harmonic case due to the form of the potential where, as it can be seen in Fig 4, if x is bigger than approximately 4, the Morse potential tends to 0 and the probability of finding a bound state is almost null. Second, for both types of SCS, we observe that changing the value of z does not only translate the density probability, but also flattens it. The limit value of z (different for the two types of SCS) observed on the previous figures corresponds to the place where the density probability tends to 0 (see Fig 8) . Comparison of the density probability |Ψ M orse (z, 0.5, x; 0)| 2 for the oscillator-like and energy-like SCS of the Morse potential.
Dynamical behaviour of the linear entropy
Using the time dependent SCS given in (22), we get the time evolution of the linear entropy as:
We know that, for the harmonic oscillator, the linear entropy is time independent. It is not the case here. Indeed, using the expression (24) of the Morse potential energy E n , we get
Thus S(t) is periodic with period π. On Fig 9, we see that the minimum value of S is reached at t = 0. Thus, if the aim is to create more entanglement, it is better to let the states evolve in time and select the time for which S(t) is maximum. However, if we are looking for quasi-classisity, i.e., less entanglement, then it is enough to work at t = 0. We also observe that the two types of SCS do not have the same oscillations. To further analyze these oscillations, we compute in Fig 10 the Fourier transform of the linear entropy, i.e., we compute the coefficients C Ω defined as
Note that in the plotting, we have removed the mean value of the oscillations (the coefficient C 0 ) in order to see better the frequencies amplitudes. Then, when looking at Fig 10, we see that the first harmonics are more important than the others (here, the fundamental harmonic corresponds to Ω = 2). Also, the coefficients linked to different frequencies are not the same, depending on the type of SCS. This is what explains that the two plots have not the same amplitude of oscillations. 
Entanglement and non-symmetric beam splitter
All our calculations have been realized with a 50:50 beam splitter, i.e., we have taken θ = π/2 in the operatorB(θ). In this subsection, we examined the effect on the linear entropy of changing the angle θ of the beam splitter for both types of SCS and for different values of the amplitude z and the squeezing γ. Fig 11 shows that the level of entanglement is at its maximum for the symmetric beam splitter (θ = π/2). It is in agreement with what has been observed for the harmonic oscillator [2] . 
Conclusions
In this paper, following the idea used for the harmonic oscillator, we have measured the level of entanglement of SCS of the Morse potential using a beam splitter. We have considered two types of such states and a symmetric beam splitter. We have used the linear entropy to measure the level of entanglement since it is a good approximation of the von Newman entropy, which is mainly used in the recent literature.
We started the paper giving the general construction of SCS associated with deformed Heisenberg algebras for the case of the harmonic oscillator and the Morse potentials. Our deformed states are different from theses considered in preceding approaches. Moreover, these approaches were mainly focused on such states but with no squeezing.
Linear entropy has been computed first for different SCS of the harmonic oscillator giving expected results with respect to the behaviour of the usual CS, in particular. Second, the two types of SCS of the Morse potential that have been constructed in our preceding paper lead to interesting properties with respect to localization and dispersion [17] . We showed that squeezing was always present, even if we consider states for which the squeezing parameter is zero. With respect to the measure of entanglement, we have been able to confirm this fact. For small values of the amplitude z, both states create almost the same quantity of entanglement but while it stays stable in the case of energy -like SCS, it increases suddenly in the oscillator-like SCS. We have shown that these results are in agreement with the behaviour of the density probability of our states. We have also seen that Morse SCS are more non classical than those of the harmonic oscillator since they always create some entanglement. Time evolution of the linear entropy has shown periodicity with a minimum at the initial state (t = 0) and the oscillations are different for different types of states. Finally, we have observed that the symmetric beam splitter is the one that creates a maximum of entanglement like in the case of the harmonic oscillator.
